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The Influence of Thermal Diffuse Scattering, Secondary Extinction and Crystallite Size
Distribution on X-ray Line Profiles

By J.UrBAN AND R.HOSEMANN
Fritz-Haber-Institut der Max-Planck-Gesellschaft, Berlin-Dahlem, Faraday Weg 4-6, Germany

(Received 16 July 1971)

A method is given for correcting the integral intensities of X-ray reflexions from platelets of single crys-
tals or powders for secondary extinction and thermal diffuse scattering (TDS). The line profiles are
calculated as folding integrals from theoretical functions considering the crystallite size distribution,
the total absorption, and TDS. By means of variation of the unknown parameters (fraction of TDS to
the overall intensity, mean crystallite size and their polydispersity, and absorption coefficient, secondary
extinction included) the calculated function has to fit the measured line profile. A detailed description
of this method according to Bradaczek and Hosemann is given after introducing some modifications
such as collimation errors of the primary beam and anisotropy of the lattice vibrations. The method is
applied to measured line profiles of NaCl and LiF single crystals.

Introduction

From absolute X-ray intensities the structural ampli-
tudes cannot be obtained with accuracies better than
1% until the present (Jennings, 1969). The reasons for
this are systematic errors such as insufficient correc-
tions of absorption (primary and secondary extinction)
and of thermal diffuse scattering. The influence of
these corrections on the measured integral intensities
can be considerable. It is therefore necessary to measure
these corrections. By the method of Bradaczek &
Hosemann (1968) one obtains directly the true absorp-

tion coefficient, the influence of thermal diffuse scat-
tering, and the crystallite size distribution function by
means of a line-profile analysis. Contrary to the
known methods (Bragg, James & Bosanquet, 1921),
where the angular distribution of the mosaic blocks
influences the profile of the rocking curve, here the
reflexions will be measured by means of a film in a
fixed position. In the present paper this method is
refined and applied to the line-profile analysis of NaCl
and LiF single crystals. By careful development and
analysis of several films of the same reflexion much
more information is available than by counter meas-
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urements with different slit widths after Gottlicher
(1968). To get the same amount of information with
electronic methods one has to use narrow counter slits
with slit widths of ~10~2 mm. If only 6 points of the
line profile are taken into account with an accuracy
of 4% a rough calculation shows that the film has a
registration time which is comparable with the elec-
tronic registration. In order to make a line-profile
analysis according to our method one needs more data
per reflexion. The electronic registration then obviously
offers no advantage. Qur new method emphasizes the
importance of the film method and of film material
with a high reproducibility and constancy of the grada-
tion characteristics.

The experimental arrangement

For the investigation of reflexions, monochromated
Mo Ku; radiation was used. A plane Ge-dendrite,
which was given us by Cervinka, Institute of Solid
State Physics, Czechoslovak Academy of Sciences,
Prague, Czechoslovakia, was used as monochromator
(reflexion 111). The slit system B1,B2,B3 (Fig. 1)
limited the primary beam and cut away fractions of
Ko,. It is desirable to have a sharp primary beam with
a small divergence, small enough to eliminate the col-
limation error. The slit-system was mounted on the
Siemens horizontal goniometer ‘with w-scan’. The data

Reflexion

Monochromator

1
B1

X-ray tube

Fig. 1. Apparatus with the oscillation angle 74 of the crystal and
the X-ray film for determinating the line profile. The film is
in a fixed position in the plane AB.

P(X)X" Px)x
b

m—

D xP(x)

- i

Fig.2. Construction for eliminating the divergence.

of the primary beams were: half-width at a distance
R=265 mm from the centre of the goniometer,
H=1356x10"" mm . At this point the divergence
between 1-87x10~* and 1:07x10-2 degrees. To
eliminate the angular distribution of the mosaic
blocks the sample oscillated with the maximum angle
of + 17, over the mean reflexion angle 6,. The film was,
as mentioned above, in a fixed position. The angular
distribution of the mosaic blocks now has no influence
on the line profile since the intensity is integrated point
by point over time.

Photographic method

For the registration of a line profile the X-ray film gives
the advantage that one gets the whole line profile
during one measuring process. In order to register the
whole intensity distribution of the reflexion with one
exposure several film plates (up to six) were put one
after another and weakened by intermediate Al filters.
To reduce the error of the measurement several film
packets were used.

The film-material was ‘X-ray film with clear base’
manufactured by Doneo (Dupont). The linearity of
the density compared with the registered X-ray intensity
was 0-8 D per layer. Therefore, the maximal density
was 1:6 D, 0-8 D per layer. We did not make a separate
investigation of the fluctuations in the layer (i.e. fluc-
tuation per cm?). But we always registered errors of
4 to 5% in the line-profiles of the same refiexion of
the same crystal from film to film although nothing had
been changed in the experimental conditions and well
defined developing conditions were used (constant and
exact developing time, fresh developer, controlled tem-
perature). These errors were obviously due to the fluc-
tuation of the photochemical properties of the film
material used.

The measurement of the line profile by means of a
film is an excellent method, which is preferable to the
counter method because of its simplicity and brevity. It
is therefore of high interest to improve the accuracy
of the film material.

Elimination of collimation error

The influence of an even small divergence of the prima-
ry beam on the profile of a reflexion in most cases of
our investigations was not negligible. Not taking into
account this effect, one would get mean crystallite
sizes and absorption coefficients, which are too big.
The correction for divergence was performed in the fol-
lowing way. Let P(x’) and P(x"") be the profile of the
primary beam at the distances R’ and R" from the
centre of the goniometer (Fig. 2). From these one has
to calculate P(x) in the plane CD. Since the primary
beam is ‘reflected’ from the crystal the same function
P(x) describes the collimation error in the plane 4B
of the film. Let Ry be the distance of the focal point
from the centre of the goniometer and o be the angle
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of divergence. The width d of the primary beam may
be calculated from

e 44
%= RtR ~ Ry+R R +R'
Hence
dIIRI_dIRII
Re=—g—a7—

If one has measured the line profiles of the primary
beam P(x") and P(x"") at the distances R’ and R"”, one
can calculate this profile on the plane 4B of the film
at the point x by

. xII(RI+R)_x’(RII+R)

X= RI . RII (1)
if one puts x'=d’ and x"" =d"’ into equation (1).

Components of the line profile

The method described in this paper does not differ
much from the one described by Bradaczek & Hose-
mann (1968). The differences will be mentioned below.
The components of the line-profile are:

I. Influence of lattice vibrations (0- and many-
phonon scattering). In this paper only 0- and 1-phonon
scattering were taken into account. For not too high
orders of reflexion, and temperatures small compared
with the melting point, the 2-phonon scattering and all
higher processes can be neglected. There is no doubt
that our method principally can be extended to 2-
phonon scattering and so on. Hence, the non-systematic
experimental errors should be much more diminished.
We will call the intensity distribution function of the
1-phonon scattering Iyps.

II. Line broadening by the primary beam P. This
function has to be measured and is taken as a known
function into the calculation after transformation to
the variable x according to equation (1).

ITII. Influence of mosaic size distribution on the
intensity function. This may be I.

IV. The absorption. By the absorption, the reflex-
ions become asymmetric. This function we call 7,.

In order to simplify the calculations, we introduce
coordinates, which differ from the coordinate x on the
film. The systems are connected in a simple way.
With the help of Ewald’s construction one gets (Fig. 3):

k= = cos b,

= (a)

where R=radius of the goniometer, x=film coor-
dinate, A=wavelength of the X-rays, ,=Bragg angle.

In the above mentioned system one gets for the line
profile

Larc(key) = oy do(key) + ooy (ko) 2
I..ie, Ip, and I, are normalized to 1 with respect to

their maxima. With the definition of the convolution
(folding) operation

PROFILES

Fig.3.

Ewald’s construction-
(k1,k2,k3). k3 was drawn perspectively and is perpendicular
to the drawing plane.

Definition of the system

Fe@=\ 760 alz—ax
one obtains
I(k1)=10(k1)+]1(k1) (3)
with
Iy(ky)=P(ky) " I(ky) " 1(ky)

Il(ki) = IO(kl)AlTDS(kl) . (4)

I, I,, and I, are non-dimensional; P, I, and Irps have
the dimension of length.

P(k,) means the measured primary beam in the
coordinates k, given by equation (la) and corrected
by (D]

I(k,) is the intensity profile depending on the crystal-
lite size distribution, which may be approximated after
Hosemann & Bagchi (1962). The mean mass statistical
crystallite size 2y and the polydispersity g are defined
as follows:

- I'[(n+2)/2]

I=V P+ 1)j2]

_ G- [ Kaslp
8= 5 = gk |
~(2n+2)"12
1 1
Xo) =3I [(n+1)/2]. )
Thus one obtains for I

1e)=5 (1+ 4T 5) T2 o)

I(k,) takes in account the absorption in the crystal as
mentioned above (Bradaczek & Hosemann, 1968).
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RA
_ ~ 7
L) = 1P [ " cos b, k‘] ki 20 ™
0 otherwise ,
— = true absorpti fficient
U= SITZE N ,u— rue a Sorp on coelncien

including secondary extinction.

Irps(ky) is the thermal diffuse scattering (only 1-phonon
scattering). Only the acoustic branches of the frequency
spectrum have been taken into consideration. With the
velocity V; of the acoustic wave of the branch j for a
special value |k|, one gets for the circular frequency w;

wik)=2nV, k| .

The one-phonon scattering in the reciprocal point b=
b, +k is, according to Laval (1941, 1954) and Wooster
(1962), proportional to
3. cos’ P,
sin2 > ... 8
21 QVke ®
by is the reciprocal vector of the centre of the reflexion
according to Bragg’s equation.

2 sin 6,
bo = A 0' (8‘1)

where g is the density (g.cm™3) and @; is the angle
between the polarization vector j and b, (Fig. 4).

To get Itps(ky) in connexion with the oscillating
technique with a long slit of the primary beam parallel
to k3, one has to integrate over the plane of a cylinder
with the radius r and the axis through b, =0and parallel
to k5 (Fig. 4). One obtains

2 . 20,48
r= 7 sin —2 .
It is possible to calculate the plane element of the r
cylinder after introducing the angular system t,p,¢&
(Fig. 4) with

pro]ech‘on
into the
(kK plane

For the plane element df we obtain

in 20otp 1 dzdé .

2
df=rdrdk,= oo

—5 SIn

A 2
With the above mentioned approximations for the

one-phonon scattering we can express Ips as follows:

o eBDEv 2 29 4B 1
- dr = sin 2002 1
fros=C S—éo a S(—/f/z)—m M Cod ¢
., {260,+p . 3. cos® d,k)
x |sin? (—--—0 ) + sin® 2] 9
[ 2 92 2 ik - ©
akT
C= -5 (%a)

where k is the Boltzmann constant and T is the
absolute temperature.

The fraction of one-phonon scattering to the overall
intensity can be eliminated, as we will see later, by
knowing only the relative shape of the line profile.
In equation (9) 7, means the maximal oscillating angle
of the crystal. With the length A4 of the primary beam
one obtains

A
tg &o= R’
cos’> @; A
The term > o7 can be evaluated by means of the
i

elastic constants (Wooster, 1962; Maradudin, Mon-
troll & Weiss, 1963). In the case of LiF and NaCl the
influence of the anisotropy of the lattice vibrations on
the function I1pg(f) is negligible (Hosemann & Urban,
1972).

Adaptation of I, to the observed line-profile I

In (2) a; and «, are not independent of each other. Let
I (k)=1 be the maximum of the function I,
whose position is at k;=k9. With «,=o one obtains

_ 1—aly(k)
oy = io(k‘?)%‘. (10)

perspective

Fig.4. Definition of the angular system tf¢&.
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By variation of the parameters g, «, g, and ¥ one has to
fit I, to the observed intensity function I ,,, whose
maximum value again is normalized to unity. But first
of all one has to make a background correction of
I, and I,,.. Over the region of the line profile of I,
this background was found to be constant if no over-
lapping occurred with other reflexions. k} is the
point where I, could no longer be separated from
the background, hence where I (k,) is practically
constant for |k,|>k{ within the errors of experiment.
Even at the same point k3, I_,,. has to be set zero to
coincide with I, (see Fig. 5). For the constant back-
ground one obtains from the above-mentioned theo-
retical calculations (equations 2 to 10):

B ]calc(k ) (11)

Sometimes it may happen that the background is not
constant over the whole profile. In this case one uses
a linear interpolation for the background, using the
right and left flank at A} and k3, where I, could no
longer be separated from the background. In the same
manner one uses a linear background correction for

]caIC'
calc(k ) kz calc(kf) ki
K=kt

I-calc(k%) - icalc(ki)
kKL

Bk,)=

+

ky . (11a)

Using the formulae (11) and (11a) for the background
one obtains

Ladl)= 120060 (12

To compare I, with I, /... has to be normalized
again to unity in its maximum.

Io(ky)+ady(ky)— B(k,) .

The integral fraction ¢ of thermal diffuse 1-phonon
scattering is given by the integral of the second term
on the right hand side of equation (12) divided by the
integral of the left hand term, not forgetting to subtract
from o J,(k,)dk, the calculated ‘background’ I,(k}) at
the end of the integration range;

S{i (ky) — L(kHldk,

&=

. (14a)
(1=B) { Tk,

If the open parameters g, », u, and « are well adjusted
so that equation (13) holds, we finally get a value of ¢
by normalized intensity functions

S[A(k )— I (kD)dk,
8= —

( —B)S L. dk,

(14b)

This value can be controlled without knowledge of «
with non-normalized I functions. We directly obtain
from (3)

S[A(kl) I(k)dk,

g= - -

S[I(kl)—l(ki)]dkl

(15)

Putting I(k;) = I,.(ky) (k) we get from equation (2):
I,=a I, J,. Introducing the background correction
from equation (12), one obtains at the position of the
maximum of /;:

_ Uimaxlky) — (kD] (1 - B)
[max(ky) — I(k1)]

(16)

1 (13) With the help of equations (12) and (13) firstly the
cale™ T B(k,) Leare™ o normalized observed line profiles /s were synthesized
norm. intensity
1 4
N |
,1&;3 2 1 0 1 2 3 4 5 f(, 10 k,[ﬂ

Fig. 5. Synthesized (—) and experimental (+) line profiles of NaCl 444. k! and k% are the points, where Iobs could not be separated

from the background. The fitting parameters are ¢=9-2 %, 27=1100 A

g= 70%, =17-0 cm™1,
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and suitable parameters g, y, 4, and a were found.
Since I, alone is asymmetric, the parameter u can be
found unequivocally. The parameter ¥ is independent
too of the other parameters, since it only influences
the width of the centre of the reflexion. For the param-
eters o and g one sometimes finds different solutions,
since for instance a combination of a large « with a
small g produces large intensities in the tail, as well as
the combination of small values of « with large g.
This ambiguity was removed with equation (16), which
selects the right value of «. Since one always has to
deal with several solutions, the four parameters in our
experiments could be calculated only with an accuracy
of 10% for ¥, o and g, and 3 % for u. All calculations
have been done with a computer of the type ICT 1909.

The above mentioned method differs slightly from
that of Bradaczek & Hosemann (1968):

(a) The divergence of the primary beam was taken in
account.

(6) The maxima of I, and I; do not coincide for finite
absorption. The shift for finite absorption was con-
sidered.

(¢) The anisotropy of the lattice vibrations was taken
into consideration.

(d) The background correction was made before the
final normalization.

Experimental results

Using the above described method, single crystals of
LiF and NaCl were analysed. An example of the fitted
line-profile of NaCl 444 can be seen in Fig. 5. Table 1
shows the results for 3 crystals (NaCl 100 and 111 and
LiF 111). For all crystals examined we found that the
mean crystallite size decreases with increasing order of
reflexion. Obviously the reason for this effect is that
with increasing orders of reflexion deeper regions of the
crystal contribute to the line profile. Obviously the
examined crystals recrystallize in the surface layers,
hence the size of mosaic blocks remains smaller in

deeper domains. The whole absorption coefficient u
is given by
an

where u, is the total linear absorption coefficient
without secondary extinction and y is the fraction of
secondary extinction.

As can be seen from Table 1 the influence of secon-
dary extinction y for the strong reflexions is remarkable.
The reflexions NaCl 600, 444, and 800 alone have a
negligibly small y. In all cases the polydispersity g of
the crystallites was within the errors of experiment in
the order of 70 %.

H=po+Yy

Summary

A method for analysing line profiles after Bradaczek
& Hosemann (1968) was slightly modified. This was
done by taking into account the divergence of the
primary beam and the anisotropy of the lattice vibra-
tions. A shift of the maxima of the 0- and 1-phonon
scattering by the absorption in the crystal was found.
This effect was taken into consideration.

The advantage of this method compared with other
published treatments consists in a measurement of the
line profiles as exactly as is possible. A primary beam of
high monochromaticity and low divergence is used
and the collimation error carefully eliminated. A
synthetic line profile with some variable parameters is
calculated with an ICT 1909 computer by means of
convolution integrals of theoretically well-established
intensity functions I,, I, and I;ps, which take into
account the absorption in the crystal, the particle size
effect, and the 1l-phonon scattering. For the latter,
tabulated elastic constants are used. The four free
parameters are varied until the normalized synthetic
line profiles fit the observed profile. From this the
total absorption coefficient, including the secondary
extinction, and the amount of l-phonon scattering
can be obtained directly. As a secondary result the
weight-averaged size of the mosaic blocks and their
polydispersity is obtained.

Table 1. Results of the line profile analysis of LiF and NaCl

NaCl po=1695cm!
& (%)
Exper-

Reflexion imental Theoretical y (cm~1 27 (A) g (%) 7o (degrees)
111 0 0-6 5 2200 70 6
200 0-5 0-9 6 2400 70 7-5
222 3 35 9 1700 70 10
400 2-1 27 3 1400 70 15
333 135 12-9 5 900 70 10
600 9 9-3 0 950 70 15
444 9-2 11-3 0 1100 70 10
800 117 139 0 950 70 15

LiF  x0=3-006 cm—!
333 0 06 1900 70 5
444 20-1 0-5 2100 70 5
555 20-2 0-1 1100 70 5



46 X-RAY LINE PROFILES

As an application measurements on LiF and NaCl
were performed. Studying different orders of refleixon
of the same crystal one gets information on the size
distribution of the mosaic blocks as a function of the
distance from the surface. It was found that in the 3
crystals examined the sizes were much larger on the
surface than below it. This can easily be explained by
recrystallization processes under the influence of water
vapour, which takes place mostly on the surface of the
crystals. The influence of secondary extinction was
remarkable for the strong reflexions (up to 80 %),
while the fraction of l-phonon scattering had to be
taken into consideration only for the high orders of re-
flexion (up to 13 %). These results are of general impor-
tance to eliminate systematic errorsin absolute intensity
measurements. In this way more correct data for atom
factors and electron-density maps (time average) are
attainable.

Acta Cryst. (1972). A28, 46
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In order to correct X-ray integrated intensities for thermal diffuse 1-phonon scattering, the influence
of the anisotropy of the lattice vibrations was examined. Using an oscillating-crystal technique with
a long slit between source and goniometer, it is shown that the anisotropy of the three-dimensional
intensity function of the 1-phonon scattering is smeared out by means of a twofold integration, such
that an isotropic approximation can be applied. In all cases under investigation (NaCl, LiF) the sys-
tematic error was less than 1% of the total integrated intensity of a reflexion if this approximation was
applied. An elegant criterion is given to test the applicability of the spherically symmetric isotropic

approximation.

1. Introduction

In order to calculate structural amplitudes from meas-
ured absolute X-ray intensities one has to correct the
integrated intensities for thermal diffuse scattering
(TDS). A method for the determination of the fraction
of the TDS 1-phonon scattering, after Bradaczek &
Hosemann (1968) and Urban & Hosemann (1972) is
based on a synthesis of the measured line-profiles.
This synthesis requires the knowledge of the relative
shape of TDS. Neglecting many-phonon scattering,
the shape of the thermal diffuse 1-phonon scattering
curve may be calculated in the ‘harmonic approxima-
tion’ from the knowledge of the elastic constants (Born
& Huang, 1954; Wooster, 1962 ; Maradudin, Montroll
& Weiss, 1963). The intensity distribution round a
reciprocal-lattice point is in general anisotropic. Meas-
uring the line profile of a reflexion by the method of
Bradaczek & Hosemann means scanning a two-di-
mensional intergral of the intensity function of a single

crystal. If the 1-phonon scattering is isotropic, the two-
fold integration leads to analytic functions;if an aniso-
tropic model is used all the calculations are much more
complicated. In the following we show that under special
experimental conditions the influence of anisotropy on
TDS for NaCl and LiF can be neglected. A method for
testing whether the isotropic or the anisotropic model
has to be used will be given.

2. The shape of thermal diffuse 1-phonon scattering

It is well known (e.g. Maradudin e al., 1963) that the
shape of the 1-phonon scattering near a reciprocal-
lattice point is proportional to:
. 3. cos? @; (k)
sin?f > — 7o~ 1

20 oViIkp M
[o: density (g.cm™3), V;: velocity of the j-mode lattice
vibration; @;(k): angle between the polarization vector
j of the acoustic wave and the reciprocal vector b (|b| =



